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Abstract
A nonlinear saturation control method applied for reduction of oscillations of a rotating composite beam is presented in this paper.
The ﬂexible blade is treated as a thin-walled structure attached to a rigid hub driven by an external periodic torque. The beammodel,
derived in [1,2], takes into account a strong coupling between the ﬂexural and torsional deformations due to the assumed speciﬁc
reinforcing ﬁbers perimeter orientation. The proposed saturation control method is used for the reduction of coupled torsional-
ﬂexural beam oscillations around the third natural frequency of the system. It is shown that for assumed structural parameters it is
possible to ﬁnd gains of the controller which may essentially reduce vibrations of the beam near the resonance zone.
c© 2016 The Authors. Published by Elsevier Ltd.
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1. Introduction
Rotating structures play important role in aerospace, robotic or mechanical engineering. Due to a rapid develop-
ment of composite materials technology the rotating elements of modern machines, for example wind turbines and
helicopter blades, are manufactured as thin-walled elements [3–5]. By incorporating a proper engineering design
approach we can manufacture an open or closed cross-section blades made of anisotropic materials exhibiting the
assumed apriori mechanical properties [6].
Further enhancement of structural performance may be achieved by the concept of the so called smart structure.
This idea requires integration of sensory capabilities and actuation authority within the host structure combined with
an appropriate control strategy. This can be done by embedding active elements in the system, e.g. Macro Fiber
Composite actuators [7,8], to react as required for varying operating conditions. More often than not the aim of the
control strategy is vibration suppression. This eﬀect can be achieved by a nonlinear coupling and a proper tuning of
the controller with the main structure (the plant) [9–11]. The comparison of various nonlinear control methods with
classical P, PID or PPF algorithms is presented in [12,13].
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In this paper we study dynamics of a ﬂexible blade which is considered as a thin-walled closed cross-section
box beam made of a multilayer composite material. The beam is attached to a rigid rotating hub (Fig. 1). The
mathematical model of the structure assumes a speciﬁc ﬁbres perimeter orientation which leads to a strong coupling
of ﬂexural (lead-lag plane bending) and torsional modes.
2. Mathematical model and governing equations
The model of the rotating structure is derived by means of the thin-walled composite beam theory developed by
Librescu and Song [4]. The equations describing the dynamics of the combined hub-beam structure are formulated
on the basis of the paper [1] and the following paper [2] where some additional terms necessary to properly represent
the centrifugal force have been included.
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Fig. 1. Model of the rotating thin-walled beam structure.
The performed parametric analysis of the reinforcing ﬁbres orientation and the observed deformation modes cou-
pling shows that the strongest ﬂexural-torsional vibration coupling takes place for circumferentially asymmetric stiﬀ-
ness (CAS) lamination scheme and ﬁbres orientation angle α = 75 deg. (measured from perimeter direction s) [2].
Considering a speciﬁc preset angle of the beam θ = π/2, the general equations of motion [1,2] are simpliﬁed and the
beam exhibits only ﬂapwise bending-shear-twisting coupling. Then the motion of the system is expressed in terms of
variables of the beam cross-section centre point (subscript 0) and current hub position ψ(t) given in inertial reference
frame X0 Y0 Z0 (Fig. 1). Therefore, the dynamics of the rotating hub-beam structure is governed by a set of four
mutually coupled partial diﬀerential equations (PDEs) and associated boundary conditions (BCs):
• beam lead-lag displacement w0
b1w¨0 − 2b1u˙0ψ˙(t) − b1w0ψ˙2(t) − b1(R0 + x)ψ¨(t) − a55ϑ′y − a55w′0 − (Txw′0)′ = 0 (1)
with boundary conditions
w0|x=0 = 0,
(
ϑ′y + w
′
0
)∣∣∣∣
x=l
= 0
• beam transverse shear angle ϑy
B4ϑ¨y − B4ψ˙2(t)ϑy + B4ψ¨(t) + a55(ϑy + w′0) − a33ϑ′′y − a37ϕ′′ = 0 (2)
with boundary conditions
ϑy
∣∣∣
x=0 = 0,
(
a33ϑ′y + a37ϕ
′)∣∣∣∣
x=l
= 0
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• beam twist angle ϕ
(B4 + B5)ϕ¨ + (B4 − B5)ψ˙2(t)ϕ − a37ϑ′′y − a77ϕ′′ − (Trϕ′)′ = 0 (3)
with boundary conditions
ϕ|x=0 = 0,
(
a37ϑ′y + a77ϕ
′)∣∣∣∣
x=l
= 0
• the hub equation that results from the rotation angle ψ
Jhψ¨(t) + (B22 + B4) ψ¨(t) +
∫ l
0
[
b1 (R0 + x)
(
2u0ψ¨(t) + 2u˙0ψ˙(t) − w¨0
)
+ B4ϑ¨y
]
dx = Text,z(t) (4)
where Jh represents the mass moment of inertia of the hub and the right hand side term Text,z(t) represents the torque
applied to the hub and driving the system. In foregoing relations the term Tx(x, t) is deﬁned as
Tx(x, t) = b1(l − x)
[
R0 + 12 (l + x)
]
ψ˙2(t) (5)
and it corresponds to system stiﬀening, resulting from rotational transportation motion, while Tr(t) plays the role of
an additional torsional stiﬀness also due to the rotation
Tr(x, t) =
B4+B5
m0β
Tx(x, t) . (6)
Equations (1)–(6) represent ﬂapwise bending–shear–twisting dynamics of the beam and the hub system.
3. Model reduction
Partial diﬀerential equations (1)-(4) are reduced to the ordinary diﬀerential ones using the Galerkin’s procedure
for the third natural mode of the beam. This coupled ﬂexural-torsional deformation computed by a Finite Element
Method code for the discussed CAS lamination scheme composite box beam is presented in Fig. 2. Geometrical and
material data for the analysed specimen are given in Table 1.
Table 1. Physical parameters of the thin-walled composite beam and hub data.
Physical parameter Value (unit)
Beam length l=0.254 (m)
Wall thickness h=0.001 (m)
Cross-section dimensions cxd = 0.00508 x 0.0254 (m)
Youngs moduli E1=206.75, E2=E3=5.17 (GPa)
Shear moduli G23=3.1, G13 = G12=2.55 (GPa)
Poisson’s ratio ν32=0.25, ν21 = ν31=0.00625 (-)
Mass density ρ=1528.15 (kg/m3)
CAS ﬁbres orientation α =75 (deg.)
Hub radius R0=0.1 x l=0.0254 (m)
The discussed third natural mode is of interest because it exhibits a strong coupling of prevalent torsional vibrations
and relatively small ﬂexural oscillations. Thus, we can apply the control strategy to control the torsion of the beam by
acting on its ﬂexural deformation. To solve the problem analytically the assumed mode approach (Galerkin method)
is used. Thus the solutions of the system (1)–(4) are represented by functions:
W(η, τ) =
N∑
n=1
qwn(τ)Wn(η), Y(η, t) =
N∑
n=1
qyn(τ)Yn(η), Φ(η, τ) =
N∑
n=1
qϕn(τ)Φn(η) (7)
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Fig. 2. The third natural vibration mode of the thin–walled beam; FEM simulation.
In the above formulas Wn(η), Yn(η), Φn(η) are consistent admissible functions – i.e. suitable trial functions that satisfy
the geometric boundary conditions and do not prevent the natural boundary conditions from being satisﬁed; quantities
qwn, qyn, qϕn are corresponding generalized coordinates. More details considering the functions (mode shapes) used
in the procedure are given in paper [2]. Moreover, the following orthogonality condition of bending-shear-twist free
vibrations mode shapes is used [2]
(
ω2m − ω2n
) ∫ 1
0
[
b1l2Wm(η)Wn(η) + B4YmYn + (B4 + B5)Φm(η)Φn(η)
]
dη = 0 . (8)
The individual components of the discussed coupled deformation mode (the third natural mode) computed by admis-
sible functions used in the discretization are presented in Fig. 3.
Fig. 3. The third natural vibration mode of the thin-walled beam - analytical admissible functions; ﬂexural displacement: W3 (η) –blue, shear angle:
Y3 (η) –grey, torsion angle: Φ3 (η) – red.
The ﬂexural motion W3 (η) is plotted in blue, shear angle Y3 (η) in grey and torsion Φ3 (η) in red colour. All the
plotted function are coupled by the orthogonality condition (8). At the free tip point mode functions take values
W3 (η = 1) = −0.00352115 , Y3 (η = 1) = −0.0578798, Φ3 (η = 1) = 1 .
Performing the Galerkin discretization procedure we arrive at a set of dimensionless ODEs which represent dy-
namics of the system - i.e. the beam, the hub and the controller
q¨3 + ζ3q˙3 + α12ψ¨ +
(
α11 + α13ψ˙
2
)
q1 + α14ψ˙q˙3 = g1q2c
q¨c + ζcq˙c + ω20cqc = g2qcq3
(1 + Jh + αh32q3) ψ¨ + ζhψ˙ + αh31q¨3 + αh33ψ˙q˙3 = μ
(9)
where q3 is the generalised coordinate corresponding to the analysed coupled ﬂexural-torsional mode, qc is the coordi-
nate of the controller and ψ is the angle of hub rotation (Fig. 1). Dot denotes a derivative with respect to dimensionless
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time τ. Coeﬃcients α11, α12, α13, α14, αh1, αh2, αh3, result from the Galerkin projection, ζ3, ζh, ζc are damping coef-
ﬁcients of the beam, hub and controller, respectively, Jh is dimensionless mass moment of hub inertia expressed as a
ratio to the beam inertia. The driving dimensionless torque μ is given on the right hand side of equation (9)3. In the
present study we assume the torque to be a harmonic function μ = ρ sinωτ, with ρ and ω as torque amplitude and
frequency, respectively. The proposed controller, Eq. (9)2, is nonlinearly coupled with the beam by gains g1 and g2.
4. Nonlinear control
The eﬀectiveness of the proposed control method is studied for selected values of the amplitude ρ and frequency ω
of periodic excitation (i.e. driving torque). The set of ODEs (9) is solved numerically for selected parameters of the
controller as well as for various values of driving torque parameters. The dimensionless coeﬃcients present in (9),
computed for physical specimen data from Table 1, are given in Table 2.
Table 2. Dimensionless parameters for mode 3 of the beam-hub system with Circumferentially Asymmetric Stiﬀness (CAS) conﬁguration and
reinforcing ﬁbres oriented at α = 750.
Dimensionless parameter Value
beam equation
α13 618.02993
α32 1.50382
α33 3.96468
α34 -0.020365
ω3beam 24.8602
ω3 for Jh = 1 24.881
ζ3 0.01 × ω3beam = 0.2486
hub equation
αh13 0.0022236
αh23 -0.0055435
αh33 -0.0055435
ζh 0.1
Jh 1.0
The control strategy is realized by a signal sourced from the sensor and then processed to the embedded active
element. The controller frequency is tuned to the beam natural frequency in the way that ω0c = 12ω3, where
ω3 =
√
α11 + α13ψ˙2
/ (
1 − α12αh31
1 + Jh
)
is the third natural frequency of the hub-beam system depending on the angular velocity and the mass moment of
inertia of the hub. In fact as can be observed in Fig. 4, the natural frequency depends on hub inertia Jh and it tends
to a cantilever beam case if Jh → ∞. The increasing angular velocity starting from Ωh = 0 (black line) shifts up the
curves presented in Fig. 4. In further analysis we apply the control strategy for Jh = 1 and Ωh = 0 case.
At ﬁrst we demonstrate resonance curves computed for the periodic torque with amplitudes ρ = 0.005, ρ = 0.007,
ρ = 0.01 without any control supplied (g1 = g2 = 0). The response of the beam is presented in Fig. 5(a) and the
response of the hub in Fig. 5(b). The shape of the curves obtained for the beam has a classical nature of a linear model
with the resonance peak occurring at the natural frequency ω3 = 24.881. The resonance is observed for the beam
(Fig. 5a) as well as for the hub (Fig. 5b). Higher excitation results in higher amplitudes of the structure response.
For further analysis we take into consideration the resonance curve with highest response magnitude - i.e. the one
obtained for ρ = 0.01 (black line) and we switch the controller on, by setting g1 = 0.01 and g2 = 1000.
Due to the nonlinear coupling and a proper system tuning, the controller is activated within the frequency range
ω ∈ (24.8, 25.0), the essential reduction of beam vibration is observed. In the neighbourhood of the resonance zone
new solution branches on the response curve arise (zoom in Fig. 6b) while its upper part becomes unstable (dashed
line). In this zone vibrations are suppressed by the activated controller (Fig. 6d). The impact of the control strategy is
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Fig. 4. Inﬂuence of the hub inertia on the third natural vibration frequency for selected angular velocities of the hub Ωh = 0 (black), Ωh = 0.05
(blue), Ωh = 0.1 (green), Ωh = 0.15 (red).
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Fig. 5. Resonance curves of the beam coupled torsional-ﬂexural vibrations (a) and the hub angular velocity (b) around the third natural vibration
frequency; ρ = 0.01 (black), ρ = 0.007 (red), ρ = 0.005 (blue).
observed also in hub dynamics (Fig. 6c) by new solution branches, however oscillations of the hub are not changed
essentially.
The eﬀectiveness of the controller depends also on proper gains tunning. For the third mode which has relatively
large value of the natural frequency (in relation to the ﬁrst and the second mode) it is necessary to impose a high value
of the gain g2. In Fig. 7 we present the impact of the gain parameter on vibration suppression eﬀectiveness. We see
that the signiﬁcant vibration reduction is possible above the g2 = 500 threshold. Then, if the controller is activated
(Fig. 7c) the vibrations of the beam and the hub are reduced (Fig. 7a,b).
Time histories of the beam, hub and controller response calculated for the ﬁxed excitation frequency ω = 24.9, and
parameters ρ = 0.01, g1 = 0.01, g2 = 1000 are presented in Fig. 8. The blue colour plots represent the response of
the structure without any control - notice the controller response equal to zero (blue line in Fig.8c). On the other hand
the black lines represent the response of the system with the proposed nonlinear control strategy applied - controller
is activated (black line in Fig. 8c).
5. Conclusions
The application of the nonlinear saturation control strategy for vibration suppression of the rotating hub-beam
structure is proposed in this paper. The model of the system discussed in the paper is composed of the composite
thin-walled box beam and the rigid hub. Governing PDEs equations of motions have been reduced to ODEs using
Galerkin’s procedure and taking into account the third vibration mode. This mode exhibits mutual coupling between
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Fig. 6. Resonance curve of beam coupled torsional-ﬂexural vibrations (a), zoom of the upper part of the curve (b), the hub angular velocity (c) and
response of the controller (d) around the third natural vibration frequency; ρ = 0.01, g1 = 0.01, g2 = 1000, coeﬃcients as in Table 3.
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Fig. 7. Inﬂuence of the controller gain g2 magnitude on coupled torsional-ﬂexural vibrations on the beam (a) and angular velocity of the hub (b)
and response of the controller (c) around the third natural vibration frequency; ω = 24.9, ω = 0.01, g1 = 0.01, coeﬃcients as in Table 3.
bending, shear and twist deformation where the twisting signiﬁcantly prevails. For such a complex mode the saturation
controller is applied. It has been shown that the proposed control strategy is eﬀective if the frequency of the controller
is precisely tuned to the half of the full structure natural frequency; furthermore gains of the control signal need to
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Fig. 8. Time histories of beam coupled torsional-ﬂexural vibrations (a), angular velocity of the hub (b) and response of the controller (c); blue
colour no control, black colour controller activated; ω = 24.9, ρ = 0.01, g1 = 0.01, g2 = 1000.
be properly chosen. Performed numerical tests allow to conclude that the system is highly sensitive to the magnitude
of the gain g2. Therefore, this parameter has to be set above the threshold limit demonstrated in Fig. 7. Then, the
controller is activated and beam vibrations are signiﬁcantly reduced. For the studied combined mode, due to the
discussed strong coupling of torsion and bending deformations, both components of the mode can be reduced just by
one active element.
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